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Abstract
In this note, by making use of a known hypergeometric series identity, I prove
two Ramanujan-type series for the Catalan’s constant. The convergence rate of
these central binomial series surpasses those of all known similar series, including
a classical formula by Ramanujan and a recent formula by Lupas. Interestingly,
this suggests that an Ape´ry-like irrationality proof could be found for this con-
stant.
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1. Introduction
Catalan’s constant, so named in honor to E. C. Catalan (1814-1894), who
first developed series and definite integrals representations for it, is a classical
mathematical constant defined as [3, 4]
G :=
∞∑
n=0
(−1)n
(2n+ 1)2
= 0.9159655941 . . . (1)
This constant is a special value of some important functions such as the Dirich-
let’s beta function β(s) :=
∑∞
n=0 (−1)n/(2n+ 1)s, namely β(2) = G, and the
Clausen’s function Cl2(θ) := ℑ
(
Li2(e
iθ)
)
= − ∫ θ0 ln[2 sin (t/2)] dt, namely1
Cl2
(pi
2
)
= G and Cl2
(
3pi
2
)
= −G . (2)
Email address: fabio@fis.unb.br (F. M. S. Lima)
1As usual, Li2(z) denotes the dilogarithm function, defined as
∑
∞
n=1 z
n/n2 for real values
of z, |z| < 1, and extended to C, except for the cut [1,∞), by analytic continuation.
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It also appears on special values of some other important functions, as e.g.
ψ1
(
1
4
)
= pi2 + 8G , ψ1
(
3
4
)
= pi2 − 8G , and
ζ′
(
−1, 1
4
)
=
1
8
lnA+
G
4pi
− 1
96
,
where ψ1(x) :=
dψ(x)
dx
is the trigamma function and ψ(x) :=
d
dx
ln Γ(x) is the
digamma function, Γ(x) being the classical Euler gamma function. As usual,
ζ′(s, a) is the partial derivative of the Hurwitz zeta function with respect to s.
A is the Glaisher-Kinkelin constant, which in turn is related to the Riemann
zeta function by lnA = 1/12 − ζ′(−1).
For positive integers n, we can trace an analogy between β(n) and ζ(n) :=∑∞
k=1 1/k
n, the Riemann zeta function, since both ζ(2n) and β(2n − 1) are
rational multiples of pi2n and pi2n−1, respectively, whereas closed-form expres-
sions for ζ(2n+1) and β(2n) in terms of other basic constants are unknown [8].
However, the proof by Ape´ry (1978) that ζ(3) is irrational [10] has created
an ‘asymmetry’ in that analogy because the irrationality of β(2), though very
suspected, remains unproven.2
From the point of view of numerical computation, Catalan himself (1865)
computed G to 14 decimal places [3]. By making use of a technique from Kum-
mer, Bresse (1867) computed it to 24 decimals, a result that was improved to
32 decimals by Glaisher (1913) [15]. With the advent of computers, G has been
computed to a large number of digits. For instance, Yee and Chan (2009) com-
puted it to 31 billion decimals [16]. Their computation employs two formulas,
one of which is a central binomial series due to Ramanujan (1915) [11]:3
G =
pi
8
ln (2 +
√
3) +
3
8
∞∑
n=0
1
(2n+ 1)2
(
2n
n
) . (3)
On searching for similar rapidly converging series, Lupas (2000) has found the
following alternating series [9]
G = − 1
64
∞∑
n=1
(−1)n 2
8n (40n2 − 24n+ 3)
n3 (2n− 1) (2nn ) (4n2n)2 , (4)
which was implemented in MathematicaTM (version 6) for computing G [15].
On searching for new congruences modulo primes, Z.-W. Sun (2011) has
2It is not known if G is irrational. Presently, the only known irrationality results for β(2n)
are the proofs by Rivoal and Zudilin (2003) that it is irrational for infinitely many values of
n, and that at least one of the seven numbers β(2), . . . , β(14) is irrational [12].
3This can be proved from the fact that G = − ∫ pi/4
0
ln (tan θ) dθ = − 3
2
∫ pi/12
0
ln (tan θ) dθ,
as nicely described in Ref. [2].
2
conjectured that (see Conj. A7 of Ref. [14])
p−1∑
k=0
(3k + 1)
(
2k
k
)3
(−8)k
?≡ p
(−1
p
)
+ p3Ep−3 (mod p
4) , (5)
which suggests that
∞∑
k=1
(3k − 1) (−8)
k
k3
(
2k
k
)3 ?= −2G . (6)
In fact, this result was confirmed computationally (with the aid of the WZ
method) by Guillera in a recent work [5]. The higher rate of convergence of this
series in comparison to the previous ones, as well as its smaller number of basic
arithmetic operations per iteration, has led me to search for a formal proof in
order to justify its inclusion in further releases of mathematical softwares.
Here in this note, starting from a known hypergeometric identity I first
prove a Ramanujan-type series representation for G similar to that proved by
Guillera. The convergence rate of this series is then shown to surpass that of
all known similar central binomial series representations for this constant. As a
complement, I show that a simple proof of Eq. (6) follows from the application
of a combinatorial identity to our main result.
2. Ramanujan-type series for Catalan’s constant
Let us adopt the usual notation for the generalized hypergeometric series:
pFq
(
a1, . . . , ap
b1, . . . , bq
; z
)
=
∞∑
n=0
(a1)n . . . (ap)n
(b1)n . . . (bq)n
zn
n!
, (7)
where (a)n := a (a+1) . . . (a+n−1) = Γ(a+ n)/Γ(a) is the Pochhammer sym-
bol for the rising factorial (by convention, (a)0 = 1). Our main result makes use
of the lemma below, which determines a special value for 3F2
(
a1, a2, a3
b1, b2
; z
)
,
a function that converges at z = 1 whenever ℜ{(b1 + b2)− (a1 + a2 + a3)} > 0
(see Eq. (2.2.1) of Ref. [13]).
Lemma 1 (A special value).
3F2
(
1
2 , 1, 1
3
2 ,
3
2
; 1
)
= 2G.
Proof. We start from a well-known integral representation for generalized hy-
pergeometric functions (see, e.g., Eq. (1.2) of Ref [7]):
p+1Fp
(
α, α1, . . . , αp
γ, β1, . . . , βp−1
; t
)
=
Γ(γ)
Γ(α) Γ(γ − α)
×
∫ 1
0
zα−1(1− z)γ−α−1 pFp−1
(
α1, . . . , αp
β1, . . . , βp−1
; tz
)
dz , (8)
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which holds whenever ℜ(α) > 0 and ℜ(γ − α) > 0. It then follows that
3F2
(
1
2 , 1, 1
3
2 ,
3
2
; 1
)
=
Γ(32 )
Γ(12 ) Γ(1)
∫ 1
0
z−
1
2 (1 − z)0 2F1
(
1, 1
3
2
; z
)
dz
=
1
2
∫ 1
0
2F1
(
1, 1
3
2
; z
)
√
z
dz
=
∫ 1
0
2F1
(
1, 1
3
2
; x2
)
dx . (9)
Now, let us show that, for all non-null real x ∈ (−1, 1),
2F1
(
1, 1
3
2
; x2
)
=
arcsinx
x
√
1− x2 . (10)
It is well-known that
2F1
(
1/2, 1/2
3
2
; x2
)
=
arcsinx
x
(11)
for all non-null values of x for which the hypergeometric series at the left-hand
side converges (see Eq. (1.5.10) of Ref. [13]). Two successive applications of the
Euler transformation formula, namely
2F1
(
a, b
c
; z
)
= (1− z)−a 2F1
(
a, c− b
c
;
z
z − 1
)
, (12)
on Eq. (11) lead us to
arcsinx
x
=
1√
1− x2 2F1
(
1
2 , 1
3
2
; − x
2
1− x2
)
(13)
and
arcsinx
x
=
1− x2√
1− x2 2F1
(
1, 1
3
2
; x2
)
, (14)
respectively. This completes the proof of Eq. (10). From Eqs. (9) and (10), one
finds
3F2
(
1
2 , 1, 1
3
2 ,
3
2
; 1
)
=
∫ 1
0
arcsinx
x
√
1− x2 dx . (15)
The trigonometric substitution x = sin θ reduces the last integral to
3F2
(
1
2 , 1, 1
3
2 ,
3
2
; 1
)
=
∫ pi/2
0
θ
sin θ
dθ . (16)
On noting that, apart from an arbitrary constant of integration,∫
θ
sin θ
dθ = θ ln
[
−i tan
(
θ
2
)]
+ i
[
Li2
(−eiθ)− Li2(eiθ)] , (17)
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as can be easily checked by differentiating the function at the right-hand side,
one finally finds ∫ pi/2
0
θ
sin θ
dθ =
pi
2
ln(−i) + i [ Li2(−i)− Li2(i)]
−
{
lim
a→0+
a ln
[
−i tan
(a
2
)]
+ i [Li2(−1)− Li2(1)]
}
=
pi
2
(
ln 1− i pi
2
)
+ i
[
−2 iCl2
(pi
2
)]
−
[
0 + i
(
−pi
2
12
− pi
2
6
)]
= − i pi
2
4
+ 2Cl2
(pi
2
)
+ i
pi2
4
= 2G , (18)
where the special value of the Clausen function in Eq. (2) and the principal value
of the logarithm function, with Arg(z) ∈ (−pi, pi], were taken into account.4 The
substitution of this result in Eq. (16) completes the proof.
✷
We are now in a position to prove a rapidly converging central binomial
series for the Catalan’s constant, which is our main result.
Theorem 1 (Rapidly converging central binomial series).
G =
1
2
∞∑
n=0
(−1)n (3n+ 2) 8
n
(2n+ 1)3
(
2n
n
)3 .
Proof. Firstly, note that the given series converges by the ratio test. Then,
let
f(x) :=
∞∑
n=0
(−1)n
(
x+ 12
) 3
n
8n (x + 1) 3n
[6(x+ n) + 1] (19)
be a function of a real variable x in the open interval (0, 1). On noting that
(1)n = n! and
(
3
2
)
n
=
Γ
(
3
2 + n
)
Γ
(
3
2
) =
(
n+ 12
)
Γ
(
n+ 12
)
)
1
2 Γ(
1
2 )
=
(2n+ 1)!
4n n!
, one finds
f
(
1
2
)
=
∞∑
n=0
(−1)n (1)
3
n (6n+ 4)
8n
(
3
2
) 3
n
=
∞∑
n=0
(−1)n n!
3 (6n+ 4)
8n (2n+ 1)3 (2n)!
3
n!3 43n
= 2
∞∑
n=0
(−1)n n!
6 (3n+ 2) 64n
8n (2n+ 1)3 (2n)!
3
= 2
∞∑
n=0
(−1)n (3n+ 2) 8
n
(2n+ 1)3
(
2n
n
)3 . (20)
4On Entry 9 of Adamchik’s webpage [1], where several representations for G are proved
computationally with MathematicaTM, one finds 1
2
∫ pi/2
0
θ
sin θ
dθ = G. Our Eqs. (17) and
(18) can then be viewed as a formal proof of this formula.
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On the other hand, from the third identity in Ref. [5], we know that
f(x) = 4 x
∞∑
n=0
(
x/2 + 14
)
n
(
x/2 + 34
)
n
(x + 1)n
2 (21)
for all values of x for which this series converges. Therefore
f(x) = 4 x 3F2
(
2x+1
4 ,
2x+3
4 , 1
x+ 1, x+ 1
; 1
)
, (22)
which implies that
f
(
1
2
)
= 2 3F2
(
1
2 , 1, 1
3
2 ,
3
2
; 1
)
. (23)
From Lemma 1, this reduces to f(12 ) = 4G. From Eq. (20), we then find
2
∞∑
n=0
(−1)n (3n+ 2) 8
n
(2n+ 1)3
(
2n
n
)3 = 4G . (24)
✷
As a bonus, we can use the above theorem to develop a formal proof for
Eq. (6).
Corollary 1 (Guillera’s central binomial series).
G = −1
2
∞∑
n=1
(−1)n (3n− 1) 8
n
n3
(
2n
n
)3 .
Proof. Since
(
2m+2
m+1
)
= 2 2m+1m+1
(
2m
m
)
for all non-negative integer values of m,
then (2m+ 1)
(
2m
m
)
= 12 (m+ 1)
(
2m+2
m+1
)
. Theorem 1 then yields
G =
1
2
∞∑
m=0
(−1)m (3m+ 2) 8
m
1
8 (m+ 1)
3
(
2m+2
m+1
)3 . (25)
The substitution m = n− 1 completes the proof.
✷
The convergence rate of these novel central binomial series representations
for G is to be compared to that of other known similar series. This is done in
details in the next section.
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3. Convergence rates
Let us compare the convergence rates of the Ramanujan-type series for G
mentioned in this work. By applying the Stirling’s improved formula, namely
n! ∼
(n
e
)n√
2pi
(
n+
1
6
)
, (26)
which implies that (
2n
n
)
∼
22n
√
2n+ 16√
2pi
(
n+ 16
) , (27)
we shall develop an order estimate of the n-th term for each series.
We begin with Ramanujan’s series, given in Eq. (3). Its n-th term is
1
(2n+ 1)2
(
2n
n
) ∼
√
2pi
(
n+ 16
)
22n
√
2n+ 16 (2n+ 1)
2
=
√
pi
3
6n+ 1
22n
√
12n+ 1 (2n+ 1)2
∼ 6n+ 1
22n
√
12n+ 1 (2n+ 1)2
∼ 3
22n (2n+ 1)
√
12n+ 1
. (28)
The more complex central binomial series by Lupas, see Eq. (4), has an n-th
term whose absolute value can be estimated as follows:
28n |40n2 − 24n+ 3|
n3 (2n− 1) (2nn ) (4n2n)2 ∼
28n |40n2 − 24n+ 3|
n3 (2n− 1) 22n
√
2n+ 1
6√
2pi (n+ 1
6
)
28n 3pi
24n+1
(12n+1)2
∼ |40n
2 − 24n+ 3| (12n+ 1)2√2pi (n+ 16 )
n3 (2n− 1) 22n
√
2n+ 16 (24n+ 1)
. (29)
For sufficiently large values of n, this simplifies to
(40n− 24) (12n+ 1)2√2pi (n+ 16 )
22n n2 (2n− 1)
√
2n+ 16 (24n+ 1)
∼ (40n− 24) (12n+ 1)
2 (6n+ 1)
22n n2 (2n− 1)√12n+ 1 (24n+ 1)
=
4 (5n− 3) (12n+ 1)2 (6n+ 1)
22n n2 (2n− 1)√12n+ 1 (12n+ 12 )
∼ 4 (5n− 3) (12n+ 1) (6n+ 1)
5
2
22n n2 (5n− 52 )
√
12n+ 1
∼ 10 (12n+ 1) (6n+ 1)
22n n2
√
12n+ 1
=
10
√
12n+ 1 (6n+ 1)
22n n2
=
5
√
12n+ 1 (6n+ 1)
22n−1 n2
. (30)
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This convergence is clearly slower than that of Ramanujan’s series, not to men-
tion that the number of basic arithmetic operations needed to compute the n-th
term is considerably larger.5
The n-th term of the central binomial series proved in our Theorem 1 is
(3n+ 2) 23n
(2n+ 1)3
(
2n
n
)3 ∼ (3n+ 2) 23n(2n+ 1)3 26n+3
(12n+2)
3
2
=
3(n+ 23 ) 2
3n (12n+ 2)
3
2
8 (n+ 12 )
3 26n+3
. (31)
For sufficiently large values of n, this can be reduced to
3
8
(12n+ 2)
3
2
(n+ 12 )
2 23n+3
= 3
√
2
(6n+ 1)
3
2
(2n+ 1)2 23n+3
∼ 9
√
2
√
6n+ 1
(2n+ 1) 23n+3
= 27
√
2
√
6n+ 1(√
6n+ 3
)2
23n+3
∼ 27
√
2
1√
6n+ 3 23n+3
∼ 5/
√
3
23n
√
2n+ 1
. (32)
Note that the factor 23n in the denominator makes our series to converge faster
than the Ramanujan’s original series.
In Table 1, below, we compare the error committed in approximating G by
the partial sum of the first N terms corresponding to each central binomial
series mentioned in this work. It is clear from this table that our series yields
the smallest absolute error.
In a very recent paper by the Pilehroods [6], one finds in their Theorem 4 a
rapidly converging central binomial series for G, namely
G = − 1
64
∞∑
n=1
(−1)n q(n) 256
n
p(n)
(
8n
4n
)2 (2n
n
) (33)
where q(n) and p(n) are polynomials in n with degrees 6 and 8, respectively.
Although this series converges faster than the series in our Theorem 1, it was not
included in our comparative study of Ramanujan-type series for G because it
presents polynomials with high degrees and large integer coefficients, as well as
distinct binomial factors, which impedes us to characterize it as a Ramanujan-
type series. Moreover, it does not seem advantageous to use their series for
high-precision computations of G because it demands a greater number of basic
5Despite these disadvantages, Lupas’ series has been implemented inMathematicaTM (ver-
sion 6) for computing G [15], which may be due to the absence of the term 1
8
pi ln
(
2 +
√
3
)
,
present in the Ramanujan’s formula, which demands additional computational efforts.
8
operations per iteration in comparison to the simpler series proved here in this
work.
Since a rational number cannot be approximated by rapidly converging se-
quences of (distinct) rational numbers and the Ape´ry’s proof of irrationality
for ζ(2) and ζ(3) is based upon the fast convergence of the central binomial
series
∑∞
n=1 1/
[
n2
(
2n
n
)]
and
∑∞
n=1 (−1)n/
[
n3
(
2n
n
)]
, respectively, as shown in
Ref. [10], then it seems plausible that the series proved here could be taken as
the starting point for a proof of irrationality for G.
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Tables
N Lupas [9] Ramanujan [11] Theorem 1
10 2.0× 10−7 1.3× 10−9 3.1× 10−11
50 7.7× 10−32 1.1× 10−34 1.1× 10−47
100 4.3× 10−62 3.3× 10−65 5.6× 10−93
500 2.9× 10−303 4.6× 10−307 1.5× 10−454
1000 1.9× 10−604 1.5× 10−608 2.9× 10−906
Table 1: Absolute deviations from G of the partial sums obtained by adding the first N
terms of each central binomial series mentioned in the text.
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